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INTRODUCTION 
Goldie has given in [3] a construction for a local ring R, , starting from a 
given noetherian ring R and an arbitrary prime ideal P of R. 
The construction begins with the change from R to the factor ring R/H, 
where H denotes the intersection of the symbolic powers PC”) of P (for the 
properties of P(%), see [3, Section 41). In all known examples the construction 
is then cZussicuZ (i.e., involves only the formation of a partial quotient ring 
of R/H) and the localisation then closely parallels that in the commutative 
case. It is an open question whether or not the localisation is always classical 
and interest has centred on solving the problem for special classes of rings 
(cf., for example, [I, 51). 
In Section 1 we prove that localisation at an invertible prime ideal of R is 
classical and that RP is then a prime hereditary noetherian local ring. 
Section 2 deals with the case in which R is hereditary and extends the 
above result to an arbitrary prime ideal of R. 
All rings will have identity and conditions will be assumed to hold on the 
right and left unless otherwise stated. 
If I is an ideal of a ring R we denote by %(I) the set of x E R such that 
[x + I] is not a zero-divisor in R/I. The term invertible applied to an ideal 
of R means invertible in some over-ring of R. For a subset S of R we write 
~(S)={~ER~SX=O)~~~E(S)={~ER/~S=O}. 
1. INVERTIBLE PRIME IDEALS 
DEFINITION. An ideal I of the ring R is said to have the right AR (Artin- 
Rees) property if for each right ideal E of R there exists a positive integer K 
such that E r\ I” C EI. 
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The following lemma is a sharper form of a result due to T. Lenagan. 
LEMMA 1 .I. Let R be a right noetherian ring and let P be an invertible 
ideal of R. Then P has the AR property. 
Proof. Let E be a right ideal of R. For each m = 1, 2,... set 
Em = (E A P”) P-V%. Applying the maximum condition to the chain 
E, C E, + E, C ..., there exists k such that 
E,<CE,+ .,.+ E,-,. 
Now 
k-l 
and 
E n P” = E,PJc c c EiPR 
i=l 
E,Prc = (E n P”) Pk-i C EP (1 < i < k - 1). 
Therefore E r\ P” C EP. 
The proof of (i) in the next lemma is due to Michler [6, Proposition 2.51. 
LEMMA 1.2. Let R be a noetherian ring and let P be either (i) an invertible 
prime ideal, or (ii) a maximal ideal. Then (for n = 1, 2,...) Pin) = P” and R 
satisfies the Ore condition (mod P”) with respect to U(P). 
Proof. Since P (I) = P, and P” C Pfn) for n > I, we show by induction 
on n that Ptn) C P”. 
From [3] there exist ideals G and F of R, not contained in P, such that 
Gp’ntl’F C p(n,p = pn+l. 
If P is an invertible prime ideal, then G(P(n+l)FP-n) C P and Pcn+l)F C Pn+l 
since P is prime. Then PpnPcn+l)F C P gives similarly Ptn+l) C Pn+l. 
If P is maximal we have (G + P) Pcn+l)(F + P) C Pn+l and G + P = 
F + P = R gives Ptn+l) C Pn+l. 
Thus in both cases, Pcnl = P” fo r all n and the result follows by [3, 
Theorem 4.31. 
The proof of Theorem 1.3 appears in [3, Theorem 5.21, but we present 
it here for convenience. 
THEOREM 1.3. Let R be a noetherian ring and let P be an invertible prime 
ideal of R. Then R satis$es the Ore condition with respect to U(P). 
Proof. Let a E R, c E V(P). By Lemma 1.2 applied to the ring R/P” 
there exist a, E R, c, E 9?(P) with 
ac, = ca, + h, ; h, E Pn; n = 1, 2,... . 
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Let E = h,R + h,R + ... and suppose that h, , h, ,..., h, generate E. 
Now by Lemma 1 .I, P satisfies the AR condition. Thus there exists m such 
that 
EnPiCEP for all i > m. 
Choose n > max(K, m). Then 
h, = h,p, + h,p, + *.. + h,p, (Pi E P). 
Now a(c, - clpl - ... - ckpk) = ~(a, - alp, - ... - ukpk). However, 
c, - crpr - ... - ckplc E U(P) and the right Ore condition is satisfied. 
The left Ore condition follows by symmetry. 
Remarks. We use H to denote the intersection of the symbolic powers 
of P. Under the conditions of Theorem 1.3 we now pass to i? = R/H 
denoting images by bars. 
P is a prime ideal of a, W(P) C U(o) and the Ore condition holds with 
respect to U(P). Denote the partial quotient ring of R with respect to %7(P) 
by RP . 
RP is then a local ring in the sense that the Jacobson radical J = pRp 
is the only maximal ideal of R, , RP/ J IS simple artinian and the powers of J 
meet in zero. Furthermore, RP is noetherian and U(J) consists of units of R, . 
LEMMA 1.4. Let R be noetherian and let P be an invertible prime ideal of 
R. Then p is a projective (right and left) R-module. 
Proof. Since P is invertible 1 = Cy=, pi fi for some pi E P, fi E P-l. 
(Thus P is projective as a right R-module, by the dual-basis lemma.) Let 
x E H and k be a given integer. Then x E Pk+l and so fix E P-lPk+l = Pk. 
Since k is arbitrary it follows that fix E H. 
Left multiplication by fi induces a right R-module homomorphism 
fi:P-Rforeachi=1,2,...,n. ForxEPwehave 
and therefore 
x = f p&(x) 
i=l 
and the result follows from the dual-basis lemma. 
COROLLARY. J = pRp is a projective (right and left) R,-module. 
The next result is taken from a proof in Michler [6]. 
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THEOREM 1.5. Let Q be a noetherian ring with Jacobson radical M such 
that Q/M is semisimple artinian and nz=, M” = 0. If M is right Q-projective, 
then Q is hereditary. 
Proof. Since M does not contain any nonzero idempotent, the projective 
dimension of Q/M as a right Q-module is 1. Thus ToraQ(Q/M, Q/M) = 0 
and since Q/M is semisimple artinian, Q is hereditary by a result of Strooker 
[S, 749 Proposition]. 
DEFINITION. The ring R is called right PP if all the principal right ideals 
of R are projective. 
LEMMA 1.6 (Hajarnavis). Let R be a right and left PP ring, with a prime 
ideal P which contains no nonzero idempotent. Then R is a prime ring. 
Proof. Let A be a nonzero ideal of R with S = Z(A) # 0. Pick x E Z(A), 
x # 0. Then A C Y(X) = eR for some idempotent e E A. Thus 1 - e E Z(A) 
which implies that Z(A) q P. 
Using a similar argument for right annihilators and with A and S replaced 
by S and r(S), respectively, we get r(S) cf P. This is a contradiction and the 
result follows. 
For an invertible prime ideal P of the noetherian ring R we may now 
summarise the properties of the classical local ring Q = RP by 
THEOREM 1.7. Let Q be a noetherian local ring in which the maximal 
ideal M is a projective right Q-module. Then 
(i) Q is prime and hereditary, 
(ii) Q is a bounded Asano order in its quotient ring. 
Proof. (i) By Theorem (1.5) Q is hereditary. Therefore, by Lemma 1.6, 
Q is prime. 
(ii) Let K be an essential right ideal of Q. Then Q/K satisfies the 
minimum condition on right Q-submodules since Q is hereditary 
[2, Theorem 2.51. Therefore, the chain 
stabilises, i.e., there exists an integer k such that K + ML = K + Mkfl. 
Applying Nakayama’s Lemma we obtain Mk C K and K contains a nonzero 
two-sided ideal. This means that Q is bounded. That Q is an Asano order 
follows from [6, Proposition 2.31. 
Remark. By a result of Robson [6, Remark 3.31, the ring Q of Theorem 1.7 
is a principal right and left ideal ring. 
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Note that we have also shown, under the conditions of Theorem 1.3, that 
H is a prime ideal and there are no prime ideals between P and H. 
2. LOCALISATION IN HEREDITARY RINGS 
Throughout this section, R denotes a noetherian hereditary ring. We shall 
deal with the prime ideals of R by cases. From [2, Corollary 2.41 all prime 
ideals of R are either minimal (amongst prime ideals) or maximal. 
LEMMA 2.1. Let P be an idempotent maximal ideal of R. Then H = P 
and RP is the classical quotient ring of RIP (and is therefore, simple artinian). 
The proof is straightforward and is left to the reader. 
The next lemma will show how the results of Section 1 apply and will 
also be used to obtain information about R/H. 
LEMMA 2.2. If P is a nonidempotent maximal ideal of R, then P is invertible 
and H is not essential as a right or left ideal. 
PYOO~. We show first that P is an essential right ideal of R. Let I be a 
nonzero right ideal with In P = 0. Let A = {x E R / XP C P”}. A is a 
two-sided ideal containing I + P and so A = R contradicting the fact that 
P is not idempotent. 
Now let S denote the maximal right quotient ring of R. Set P* = 
{sESjsPCR}.Th en, since P is an essential right ideal of R and is projective, 
the dual-basis lemma gives 1 E PP* (see [2, proof of Theorem 2.21). Since 
P is maximal, either P*P = R or P*P = P but the latter possibility implies 
that P is idempotent. Thus P has a left inverse P* in 5’. It follows that the 
powers of P are distinct. 
If P is a minimal prime, then in R = R/H, P becomes a minimal prime 
with %(P)CV(O). Thus P is th e only minimal prime of R (by [4, 1 .l 11) 
and is therefore nilpotent. Now H = Pk for some k. It follows by Lemma 1.2 
that the powers of P are not distinct which is a contradiction. 
We have shown that P is not minimal and, therefore, P contains an 
element of V?(O) (by [4, 1.111). Th e ar g ument which gave a left inverse for P 
may now be repeated using the classical quotient ring of R in place of the 
maximal ring of quotients. By symmetry, P has a right inverse also, and is 
therefore invertible. 
If H were an essential right ideal of R, then R/H would be artinian by 
[2, Corollary 2.31 and the powers of P would not be distinct. 
COROLLARY. If P is both minimal and maximal, then P is idempotent. 
LOCALISATION IN HEREDITARY RINGS 87 
LEMMA 2.3. If P is minimal but not maximal, then H is not essential as a 
right OY left ideal. 
Proof. If P is essential as a right ideal, then R/P is an artinian ring by 
[2, Corollary 2.31 and it follows that P is maximal. Therefore P is not 
essential as a right ideal and the Lemma now follows easily. 
LEMMA 2.4. If P is a prime ideal such that H is not essential, then H is 
generated by a central idempotent. 
Proof. Let A = Z(H). Th en A q H since H is not essential as a right 
ideal. By Theorem 1 of [7], A = R e f or some idempotent e E R. Thus 
A Q P. Set B = r(A). Th en B = (1 - e)R and since AB = 0, we have 
B C P. Therefore, B C H. Th us B = H = (1 - e)R. By symmetry, 
H = Rf, for some idempotent f, and, therefore, f = (1 - e) is central. 
LEMMA 2.5. If P is minimal and not maximal, then P = W is generated 
by a central idempotent. The local ring RP is the classical quotient ring of the 
hereditary prime ring RIP. 
Proof. Using Lemmas 2.4 and 2.5, a = R/H is an hereditary ring with 
a prime P whose powers meet in zero. Therefore by Lemma 1.6, R is prime. 
Since H is a prime ideal and P is a minimal prime, it follows that P = H. 
(We note in passing the verifiable fact that Iocalisation is classical at a 
minimal prime of any noetherian ring.) 
LEMMA 2.6. If P is maximal and not idempotent, then R satis$es the Ore 
condition with respect to %?(P) and H is a minimal prime ideal generated by a 
central idempotent. R = R/H is a prime hereditary Gng and A, is the partial 
quotient ring of R with respect to V((P). RP has the properties described for Q 
in Theorem 1.7. 
Proof. P is invertible by Lemma 2.2. The Ore condition with respect 
to g(P) follows by Theorem 1.3. His generated by a central idempotent by 
Lemmas 2.2 and 2.4. Therefore, R/H is hereditary and is prime by 
Lemma 1.6. The local ring R, is hereditary and Theorem 1.7 applies. 
COROLLARY. If P is maximal and not idempotent and if 9?(P) C%?(O) 
then H = 0. 
Proof. Use the Ore condition in R to form the partial quotient ring R’ 
with respect to g(P). R’ is noetherian and hereditary. PR’ is the Jacobson 
radical of R’ and so 
fi (PR’)‘” = 0 
?L=l 
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by [2, Corollary 3.21. For all k, H C Pk, so H C PkR’ = (PR’)“. Therefore, 
H = 0. 
Our conclusions may be summarised as 
THEOREM 2.7. Let R be a noetherian hereditary ring and let P be a prime 
ideal of R. Then localisation at P is classical and the local ring RP is prime 
hereditary and noetherian. 
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